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Abstract. In this paper we prove that for any smooth projective variety 
of Albanese fiber dimension two and of general type, the 6-canonical map is 
birational. And we also show that the 5-canonical map is birational for any 
such variety with some numerical conditions. 



1. Introduction 

Let X be a smooth complex projective irregular variety of general type, i.e., 
variety of general type with q(X) > 0. We define the Albanese fiber dimension 
of X to be e = dim — dima(X), where a : X —> Alb(X) is the Albanese map. 
Recently, the birationality of the n-th pluricanonical map tp\ n K x \ otX has attracted 
a lot of attention. 

When e = 0, i.e., X is of maximal Albanese dimension, it was shown by Chen 
and Hacon [5J 0] that ^f\eK x \ 1S birational. This result was improved by Jiang, 
Lahoz and Tirabassi [7], showing that V?|3ifx i s birational. When e = 1 or 2, Chen 
and Hacon [4] proved that f\(5+ e )K x \ ' s a birational map. Recently, Jiang and the 
author 8 showed that f\4K x \ ^ s birational if e = 1. The main results of this paper 
are some improvements of the result of Chen and Hacon in the case of Albanese 
fiber dimension two: 

Theorem 1.1. Let X be a smooth complex projective variety of Albanese fiber 
dimension two and of general type. Then the 6-canonical map f\eK x \ is birational. 

Theorem 1.2. Let X be a smooth complex projective variety of Albanese fiber 
dimension two and of general type. If dim V° (ux ) > 0, then ip\5K x \ is birational. 

By Thcorcm ll.il we can immediately obtain a recent result of Chen, Chen and 
Jiang: 

Corollary 1.3. [SJ Theorem 1.1] Let V be a smooth complex projective irregular 
3-fold of general type. Then ip\GK v \ is birational. 

By Theorem 11.21 and Lemma 12.31 in the next section, we easily conclude the 
following corollary. 

Corollary 1.4. Let X be a smooth complex projective variety of Albanese fiber 
dimension two and of general type. If p g (X) > and q(X) > dimX — 2, then 
<P\5K X \ is birational. 
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2. Definitions and lemmas 
In this section, we recall some notion and useful lemmas. 

Definition 2.1. Let J 7 be a coherent sheaf on a smooth projective variety Y. 

(1) The i-th cohomological support loci of T is 

V\T) = {a G Pic {Y)\h\T® a) > 0}. 

(2) We say T is IT if H l {F <g> a) = for all t > 1 and all a G Pic (F). 

(3) T is called M-regular if codim V 1 ^) > i for every i > and Y is an abelian 
variety. 

(4) We say T is continuously globally generated at y G Y (in brief CGG at y) 
if the natural map 

H°(F ® a) ® a v -> T ® Cfo) 

a£zU 

is surjective for any non-empty open subset U G Pic (F). 

(5) T is said to have no essential base point at y G Y if for any surjective map 
T — > O y , there is a non-empty open subset {/ C Pic (Y) such that for all 
a G U, the induced map H°{F ® a) — > H°(O y ® a) is surjective. 

Lemma 2.2. Let 7r : A" — >• F be a double covering branched along a reduced even 
divisor B G \2L\, where X is a projective variety, Y is a smooth projective variety 
and L is a divisor on Y . Let D be a divisor on Y . Then \k* D\ induces a birational 
map if and only if\n*D\ separates two general points on two distinct general fibers 
o/tt and H°(Y, O y (D - L)) ^ 0. 

Proof. We know that tt^Oy (D) = O y {D) Oy(D — L). Hence we have 

H°(X, O x (ir*D)) - H°(Y, O y {D)) © H°(Y, O y (D - L)). 

The only-if-direction follows from the above equality immediately. 

To prove the if-direction, we take an open affine subset U G Y. Suppose that 
U = Speci? for some ring R. We know that 7r _1 (J7) = Spec R[z]/(z 2 — /), where 
/ G R is the local defining equation of B. From the isomorphism of R- modules 

R[z]/{z 2 - f) = R®Rz, 

it follows that we can choose s\, . . . , Sfe, t\, . . . , t n G R such that 1, Si, . . . Sfc is a 
basis of H°(D) and t\z, ■ ■ -t n z is a basis of H°(D — L). Let y G Y be a general 
point. Since H°(D — L) ^ 0, we can assume that f(y) ^ and t\{y) ^ 0. 

Let {x 1 ,x 2 } be the preimage of y, where x\ = (y, y/ f{y)) and x 2 = {y, -y/f(y))- 
Since |7r*D| separates two general points on two distinct general fibers of tt, we can 
find a section s + t z G H°(X, Ox(tt*D)) vanishes along y, where s G H°(D) and 
t z G H°(D — L). Hence section 

s + (t (y) - ti(i>))v7(y) + *i* e ^°(^*^) 

vanishes along xi but does not vanish along x 2 - It follows that |7r*D| separates two 
points on a general fiber of n. Therefore \n*D\ induces a birational map. □ 
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Lemma 2.3. Let X be a smooth complex projective irregular variety. Let F be the 
general fiber of its the Albanese map. IfPg(F) > and dimV (lu x ) = 0, then the 
Albanese map of X is surjective with connected fibers. 

Proof. The proof is the same as the first step in the proof of Proposition 3,2]. 
We omit the details and leave it to the reader. □ 

Lemma 2.4. Let f : X — >• W be a morphism between smooth projective varieties 
with a general fiber F. Suppose that k(W) > and Kx is W -big, i.e., sKx > f*L 
for some ample divisor L and some integer s>0. Suppose further that hP(mKp) > 
for some m > 2. Then after replacing X by an appropriate birational model, there 
exist positive integers b, c and there is a normal crossing divisor 

B e \bc(m - 1)K X - f*bM\ 

such that Li§J|f < B m ,F, |_i§J < Bm,a> for all a e Pic°(W). Here B m ,F (resp. 
Bm,a) is the fixed part of \mKp\ (resp. \mKx + f*ct\), M is a given nef and big 
divisor on W and b, c are sufficiently large integers depending on M and Kx ■ 

Proof. See [H Lemma 4.1]. □ 

Lemma 2.5. If T is a coherent sheaf on a smooth projective variety Y and y is a 
point on Y, then T is CGG at y if and only if T has no essential base point at y. 

Proof. Firstly, we assume that T is CGG at y. For any surjective map T — > O y , 
the induced map T ® C(y) — > O y is also surjective. The definition of CGG implies 
that the composition 

aeu 

is surjective for any non-empty open subset U C Pic (Y). It follows that for any 
non-empty open subset U C Pic°(Y), there is an a G U such that the induced map 
H°(T <E> a) — > H°(O v <E> a) is surjective. By semi- continuity, one sees that for a 
general a S Pic (Y), the induced map i/°(J r (8) a) — > H°(O y ® a) is surjective. 
Thus T has no essential base point at y. 

Conversely, suppose that T has no essential base point at y. One can write 
T ® C(y) = 0*Li V h where V t S C(y), i = 1, 2, . . . , k. Let Pl : T ® C(y) -> V l 
be the canonical projection and </?j : T — > J- ® C(y) — > Vi be the composition. 
Since T has no essential base point at y, we know that there exists non-empty 
open subsets Ui (1 < i < k) of Pic°(y) such that for any a € Ui the induced map 
ifii : H°(T®a) — > Vi®a is surjective. For any non-empty open subset Uq C Pic (V), 
since nf_ Z7j is also a non-empty open subset, the map 

k 

0ff°(J®a)®« v ^0F,=J® C(y) 

aeUo i=l 

is surjective. It follows that T is CGG at y. □ 

Lemma 2.6. If J- is a non-zero M -regular sheaf on a complex abelian variety A, 
then J- has no essential base point at any y <E A. 

Proof. The conclusion follows from [TOl Proposition 2.13] and Lemma \2. 5 1 □ 
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3. Proof of the main theorems 

From now on, we let A be a smooth complex projective variety of Albanese 
fiber dimension two and of general type. Denote a : X — » Z = a(X) C A the 
Albanese map of X, where A is the the Albanese variety of X. Let v : W — > Z be a 
desingularization of the Stein factorization over Z . Replacing X by an appropriate 
birational model, we may assume that there is a morphism / : X — > W whose 
general fiber is a connected smooth surface S. Then we obtain a commutative 
diagram 

X — ^— > W 



Z. 

We will prove this more general statement than Theorem 11.11 

Theorem 3.1. |6ATx + a\ induces a birational map for any a £ Pic (A). 

Proof. By [5J Corollary 2.4], we know that <f\6K x +a\ i s birational for any a £ 
Pic (A) if <f\4,Ks\ i s birational. Hence we can assume that S satisfies if| o = 1 and 
Pg(S) = 2, where So is the minimal model of S. It is well known that |4As| is base 
point free, and (P\ak s \ ' 1S a generically double covering onto its image (cf. [1]). Thus 
the natural morphism /*/*w^ 4 — > w^ 4 define a rational map A ---> Y C P(/*w® 4 ) 
over W, where Y is the closure of the image. 

Let Y' — >■ Y be a resolution of singularities of Y, and let g : X' — > Y' be a 
resolution of indeterminacies of the corresponding rational map A — » Y' . Wc 
know that g is a generically double covering branched along a reduced even divisor 
B 1 . Let /i : Y -» Y' be a log resolution of B ls such that B := - 2[ i ^J is 

smooth (see [Til Lemma 1.3.1]). Then i? is still an even divisor. We assume that 
B G \2L\ for some divisor L on Y. Let A — ¥ Y be the double covering branched 
along B. One sees that A is smooth. Thus we obtain — -K*{Ky + L). Now we 
have the commutative diagram among smooth projective varieties 

X^^Y 

v 

w. 

We only need to show that ip\QK^+a\ is birational for all a £ Pic°(A). 

Let H (resp. F) be the fiber of / (resp. p) over a general point w £ W . 
From the construction, we know that -k\h '■ H — > F is a double covering between 
smooth surfaces branched along a smooth divisor B\p € \Of(2L)\. Hence we have 
K h = {tt\ h Y{K f + L\ f ). 

By Lemma 12.41 for some m > 2 and an appropriate birational map a : X — > X 
there exist positive integers 6, c and there is a normal crossing divisor 

B m e \bc{m, - l)K% - g*bM\ 

such that [-fr J \h' < Sm,fl', L"|rJ < ^ TO)Ce , for all a e Pic (A). Here M is a given 
nef and big divisor on W, g is the composite map / o a ,H' is the general fiber of 
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g and b, c are sufficiently large integers depending on M and Kg. Thus we obtain 

(■»-»>**-L#J + 

By [9l Theorem 10.15], we know that 

W(A, v*g*0 2 {mK2 - \^\ + a)) = W {W, g*G x {mK x - [^\ + a)) = 
for all a E Pic°(X) and all i > 0. It follows from a^O ^{mK^ix) — that 

J m := a*O x (mK x/X - \ 
is an ideal sheaf of O x . One sees that J m D I m ,a, Jm\n 3 X m ,H and 
H\A,vJ*(Q x {mK x + a)®J m ))=Q 

for all a € Pic°(JT) and all i > 0, where X m a (resp. I m .H) is the base ideal of 
\mK x + a\ (resp. \itiKh\). In particular, v*f*(O x (mK x ) (g> Jm) is IT . 
Since 

tt*^ (6^) = ? (6K ? + 6L) © 9 (6Ky + 5L), 

we conclude that there exists ideal sheaves J§ and Jg 2 on Y such that 

7r*(Ojf (6Xjf) ® J 6 ) = (Oy(6% + 6L) ® Jg 1 ) (0 ? (6% + 5£) g> J 6 2 ). 

Hence i/*p*(0 ? (6% + 5i) ® J 6 2 ) is IT . 
On the other hand, we know that 

H (H,Oh(6K h )) = H°(H,O h (6K h )®J6\h) 

= H (F,O F (6K F + 6L\ F )®j£\ F ) 
®H"(F, O f (6K f + 5L\ F ) ® Jg 2 | F ). 

This implies 

O f (6K f + 6L\ F )) = H°(F, F (6K F + 6L\ F ) ® J 6 X | F ) 

and 

i/ ^, F (6if F + 5L| F )) = i/ ^, O f (6K f + 5L\ F ) g> J" 6 2 | F ). 
Since |6i<T#| is birational for a surface H, we obtain H°(6K F + 5L\ F ) ^ by Lemma 
ET2"1 Thus we have 

H°(F, O f (6K f + 5L\ F ) ® J 6 2 | F ) = fl°(F, F (6^y + 5L) J 6 2 | F ) ^ 0. 
This implies 

i/«,j».(0 ? (6K'y + 5£)® Ji) 
is nonzero. Therefore we conclude that 

V,P*(Oy(6Ky + 5L) ® Ji) 

is a nonzero JT° sheaf on A. 

Hence for any a G Pic (A), ff°(y,0 ? (6% + 5L + a)) ^ 0. By 5 ( Corollary 
2.4], one sees that ¥?|6.K'~+a| separates two general points on two distinct general 
fibers of n. Therefore </5|6K-~+ a | is birational by Lemma 12.21 □ 

Now we prove the following theorem which is slightly more general than Theorem 
Ol 

Theorem 3.2. \5Kx + a\ is birational for any a S Pic (X), if dim V° (ujx ) > 0. 
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Proof. We take B <E \bc(m - l)K X - f*bM\ as in Lemma [2T4l and 

L m := { m-l)K x -\l^\rM + { l}, 
m > 2. One sees that 

H°((K X + L m )\ s ) = H°(mK s ) and H°(K X + L m + a) = H°(mK x + a), 
for all a G Pic°(X). By [SJ Theorem 10.15], we have 

W{A, a*O x (K x + L m ) ® a) = 0, 
for all a G Pic°(A) and all i > 0. In particular, a*O x (K x + L rn ) is IT . 

Step 1. Let x E X be a general point. Then K x + L m has no essential base point 
at x. 

Let F = X a ( x y By x being general, we mean that 

a*O x {K x + L m ) ® C(a(x)) = H°((K X + L m )\ F ) = H°(mK F ), 

F is smooth and x is not a base point of \(K X + L m )|i?|. Hence pushing forward 
the standard exact sequence 

-> 1 X (K X + L m ) -> O x (K x + L m ) -> O x -»• 

to A, we obtain 

-> a^Z^Xx + L m )) -> a.OxOFOc + £ m ) -> O a (x) -> 0. 

Since a*0jf (ifx + ^m) is M 10 , by Lemma EH a,0x(ifi + L m ) has no essential 
base point at a(x). It follows that K x + L m has no essential base point at x. 

Step 2. Let y E X be a general point. Then a*(Iy(K x + £3)) /ias no essential 
base point at any point of Z. 

Because of Lemma [231 we want to show that a*(I y {K x + L3)) is M-regular. As 
in Step 1, we have the exact sequence 

-> a*(ly{K x + L 3 )) -► a»Ox(ifx + is) -> O o(w ) -> 0. 

Considering the long exact sequence obtained from the above short exact sequence, 
we conclude that H i (a*(l y (K x + L 3 )) ® a) = for all a G Pic (A) and i > 2. 

We now assume that a*(I y (K x + L3)) is not M-regular. Then by definition of 
M-regular, we know that 

codimV 1 (a4l y (K x + L 3 ))) < 1. 

Hence y is a base point of \K X + L 3 + a\ for any a G V 1 (a*(I y (K x + L 3 ))). 
By y being general, we know that y is also a base point of 13-ffx + a\ for any 
aeV 1 (a*{l y {K x +L 3 ))). 

Let C\ be a component of V°(uj x ) with positive dimension, by [6j Theorem 0.1], 
we can write C\ = a\ + T\, where T\ is a subtorus of A := Pic°(X) and a\ is a 
point of A. Since y G X is a general point, let C/i C Tj be a non-empty open subset 
such that y is not a base point of \K X + f3\, for any /3 G ai + Z7i. 

By considering the map 

iT°(#X + <8> i?°(2is: x + /3) -»• H°(3K X +a + /3), 

we conclude that y is a base point of \2K X — ai + f5\ for any j3 G V 1 {a st {T y {K x + 
L3))) —U\. By y being general, we know that y is also a base point of \K X + L 2 — 
a ± +0\ for &ny eV^ilyiKx + L3))) -U x . 
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Let D be a component of V 1 {a*(I y {K x + L3))) such that D is an effective 
irreducible divisor on A. Take a point 7 6 D and a point fi\ 6 T\. We can assume 
that y is not a base point of \3Kx + P\ + 7|- Thus 

A ^ ^(^(l^lfx + £3))) ~ 7- 

This implies that ft £ L> - 7. We conclude that Ti £ (D - 7) and e T x D (£> -7). 
Let p : A — ¥ A/T\ be the quotient map. Since 

dimp(L> - 7) = dim(L> - 7) - dimTi n [D - 7) = dim(2/Ti), 

we know that p(D-~/) = A/Ti. This implies that D-^-Tx = A, i.e., D-Ti = A 
Thus V 1 (a*(X y (Kx + £3))) — contains a non-empty open subset of Pic°(X). 
This contradicts that Kx + L 3 has no essential base point at y. 

Step 3. // |3-?Cs| i s birational, then \hKx + a\ induces a birational map for any 
a e Pic°(X). 

We need the following: 

Claim 3.3. Let X\,x 2 £ X be general points. Then \Kx + L 3 + a\ separates X\, 
%2 for general a € Pic°(X). 

We follow the idea in the proof of Corollary 2.4]. If x\ and x 2 are on a general 
.Fofa. Since H°{{K X + L 3 ) \ F ) = H°(3K F ), we know that \(K X + L 3 )\ F \ separates 
xi, x 2 . This implies a* (I XltX2 {K x + L 3 )) ^ a*(X Xl (Kx + L 3 )). Hence we have an 
exact sequence 

-)■ a*(l XuX2 (K x + L 3 )) -)• a*{l Xl {K x + L 3 )) O a{x2) -)■ 0. 

If a(xi) ^ a(x 2 ), we obtain a*(X xl (K x + L 3 ))<giC(a(x2)) = a if (K x + L 3 )(^)<C(a(x2))- 
Thus we still obtain 

-»• a*{l XUX2 {K x +L 3 ))^ a*{l Xl {K x + L 3 )) ^ O a{x2) ->• 0. 

By Step 2, a*(I xt {K x + L 3 )) has no essential base point at a(x 2 )- Thus for 
general a € Pic°(X) 

h°(a,(l Xl:X2 (K x +L 3 ))(g,a) = h°(a*(l Xl (K x + L 3 )) (g) a) - 1. 

Therefore for general a £ Pic°(X) 

h\l XuX2 {K x + L 3 ) <g> a) = h°(2 Xl (K x + L 3 ) <g> a) - 1 = h°(O x (K x + L 3 ) ® a) - 2 

and the Claim follows. 

For a fixed a S Pic°(X), we choose general /3 G Pic°(X) and consider the map 

H°(2K X + a - /?) <g> H°(3K X + P) -»• i?°(5^ + a). 

We conclude that |5-Kx + «| induces a birational map for any fixed a S Pic°(X). 

Step 4. // |3ifs| is not birational, then \5K X + a\ induces a birational map for 
any a <G Pic°(X). 

Since \3Ks\ is not birational, it is well known that S satisfies (Kg a ,p g ) = (1, 2) 
or (2,3), here So is the minimal model of S. Thus <P\ 3 k s \ is a generically double 
covering onto its image (cf. [!■). The natural morphism /*/*o;^ 3 — » u/| 3 define a 
rational map g : X — > Y C P(/*u/§ 3 ) over W, where Y is the closure of the image. 
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As the construction in the proof of Theorem l3.ll we have the commutative diagram 
among smooth projective varieties 

X^^Y 

v 

w, 

here the double cover it is a birational modification of g. The arguments in Step 3 
show that <f\5K^+a\ separates two general points on two distinct general fibers of 

7r for any a G Pic (X). By the same method in the proof of Theorem 13.11 we can 
obtain Step 4. We leave the details to the interested reader. □ 
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